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RATIONAL APPROXIMATIONS TO L-S CATEGORY
AND A CONJECTURE OF GANEA

BARRY JESSUP

ABSTRACT. The rational version of Ganea’s conjecture for L-S category, namely
that cat(S x XK) = cat(S) + 1, if S is a rational space and XX denotes
the k-sphere, is still open. Recently, a module type approximation to cat(S),
Mcat(S) , was introduced by Halperin and Lemaire. We have previously shown
that Mcat satisfies Ganea’s conjecture. Here we show that for (r — 1) con-
nected S, if Mcat(S) is at least dimS/2r, then M-cat(S) = cat(S). This
yields Ganea’s conjecture for these spaces. We also extend other properties of
Mcat , previously unknown for cat, to these spaces.

1. INTRODUCTION

Let S be a pointed, simply connected space with the homotopy type of a CW
complex of finite type. The Lusternik-Schnirelmann category of S, cat(S), is
the least m such that S may be covered by m + 1 open sets, each contractible
in S [Lu-Sc].

L-S category is a subtle invariant which is usually difficult to compute. (The
survey article by James [Ja] is an excellent reference.) Well-known bounds for
cat(S) are
dim S

cup length H"(S; R) < cat(S) <

if § is (r — 1) connected, but these determine cat(S) only in simple cases.
The behaviour of cat on products is complicated: it is straightforward that

cat(S x T) < cat(S) + cat(T),

and strict inequality is possible. The only known examples of this, however,
occur when both § and T have coprime torsion. Ganea [Ga, ] generalized
examples of Fox [Fo] and conjectured [Ga , ] that if one factor, say a k-sphere,
had no torsion, then equality should hold. This has become known as

Ganea’s Conjecture. If S is a finite complex and 5* denotes the k-sphere then

cat(S x £) = cat(S) +1, k>1.
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The truth of this conjecture is unknown in general. Singhof [Si] has shown
that if M isan (r — 1) connected piecewise-linear n-manifold (n > 4) with

n+r+k+3_

>
cat(M) > >

1

then Ganea’s conjecture is true for M .

Even if we restrict our attention to the rational case, thereby elimating al/
torsion from both factors, Ganea’s conjecture is still open.

If SQ denotes the localization of S at the rationals, Felix and Halperin
[Fe-Ha] have described cat(SQ) = caty(S), the rational category of S via a Sul-
livan minimal model for S. Later, Halperin and Lemaire [Ha-Le] introduced
Mcaty(S), another homotopy invariant which is a “module-type” approxima-
tion to caty(S) and which satisfies

Mcat(S) < caty(S).

At present, the author knows of no example where Mcat(S) # cat,(S). This
is particularly interesting in view of previous work [J] where we have proven
Ganea’s conjecture for M-cat,, namely, that

Mecat(S x T¥) = Mcat,(S) + 1.

In the cases when Mcat (S) = caty(S), the inequalities

caty(S) + 1 = Mcat(S) + 1 = Mcaty(S x Zk) < caty (S x Zk) < caty(S) + 1
show that the rational version of Ganea’s conjecture is true for S ; that is
cat, (S x Zk) = caty(S) + 1.

We have already been able to show that Mcat (S) = caty(S) when S = G/H
is a homogeneous space and G and H are compact, simply connected Lie
groups with rank G — rank H = 0 or 1 [J, Theorem 5.1']. The main result of
this paper is

Theorem 1. Let S be (r — 1) connected and suppose that H"(S;Q) = 0. If
Mcat(S) > n/2r, then Mcaty(S) = caty(S),

and the
Corollary 1. Let S be as in Theorem 1. Then

caty(S x £) = cat(S) + 1.

Remark. Since for (r—1) connected S we have Mcat(S) < n/r, this theorem
applies to spaces where Mcat(S) lies in the upper half of its possible range.

It is important to note that our result is not the rational version of Singhof’s
theorem. The bound in the latter depends on the dimension of the sphere, while
ours does not. For a fixed S satisfying the hypotheses, we can thus deduce the
veracity of Ganea’s conjecture for all the spheres sk , k>1.

In [J] we proved a theorem more general than Ganea’s conjecture for Mcat, .
If ¢,(T) = e(T,) denotes Toomer’s invariant for T, (defined in terms of the



RATIONAL APPROXIMATIONS TO L-S CATEGORY 657

Milnor-Moore spectral sequence [To]), we proved

[J, Theorem 4.1). If S and T are simply connected CW complexes of finite type,
then
Mecat(S) +e,(T) < Mcaty (S x T).

Applying Theorem 1, we have the
Corollary 2. Let S be as in Theorem 1. Then
caty(S x T) > cat(S) +¢y(T).
In particular, if T is formal or coformal (so that ey(T) = cat,(T)), then
caty (S x T) = caty(S) +caty(T).

(Note that Corollary 1 is a special case of Corollary 2.)

The characterization of cat)(S) and Mcat,(S) by retractions of commuta-
tive graded differential algebras (CGDAS) over the rationals allows one to define
L-S type homotopy invariants cat, (S) and Mcat,(S) forany K > Q. (Indeed,
even more is possible. See [Ha-Le].) It is elementary that cat,(S) < cat,(S)
but it is unknown whether equality holds in general. However, we have shown
[J, Theorem 3.2]) that Mcat,(S) = Mcaty(S) for any K D> Q. In view of
Theorem 1 and the straightforward inequality Mcat,(S) < cat,(S), we have

Corollary 3. Let K D Q be any field extension. If S is as in Theorem 1, then
cat, (S) = caty(S).

This paper is organized as follows. In the next section, we recall the results
from rational homotopy we will need and then define rational category, and its
generalizations, for field extensions K D Q. Theorem 1 is proved in §3.

2. RATIONAL CATEGORY

For the homotopy theory of commutative graded differential algebras
(CGDAEs), the reader is referred to fundamental treatise in the subject [Su] by
Sullivan and for notation and complete details to [Ha]. An excellent summary
of the material appears in [Fe-Ha] and the interesting article by Avramov and
Halperin [Av-Ha] is recommended. Unless otherwise stated, we work over the
rationals Q.

For our purposes here, we recall the following facts. Let (4,d) % (B,d) be
a morphism between two CGDAs with H° (A) = HO(B) = Q. Then a minimal
Sullivan model of ¢ is a diagram

(B,d)
. T=
(4,d) — (A0AX,d)
where the vertical arrow is a weak equivalence (i.e. an isomorphism on coho-

mology) and (4,d) - (A® A X,d) is a KS extension as defined in [Ha). In
particular, i(a) =a® 1 and X has a vector space basis {x,|a€l},called a

¢
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KS basis, such that dx, € A® AX_, and a < f = degx, < degXﬂ. Here,
X_, denotes span{xﬂ | B < a}. This diagram is determined up to isomorphism
by ¢ and we say that i represents ¢ .

We remark that if ¢* is surjective in all degrees less than n and injective in
all degrees less than n + 1, then X = X=" [Ha, 6.16, Remark 2].

The connection to topology is that Sullivan defined a functor 4 which asso-
ciates to every space S a CDGA over Q, (A(S),d) (consisting of the rational
differential forms on the singular simplices of .S ) which calculates the cchomol-
ogy of S with rational coefficients: H*(A(S),d) = H*(S;Q). (See [Ha, 15.6
and 14.18] for example.) The minimal Sullivan model of (Q,0) — (A(S),d) is
of the form (Q,0) — (A X,d) > (A(S),d) and (A X,d) is called the Sullivan
minimal model of S . Sullivan [Su] showed that (A X,d) carries the rational
homotopy type of . In particular, X* = Hom,(n (S),Q).

Let m be a positive integer and (A X,d) be a Sullivan minimal model for

a space S. Let
(/\x,d‘) % (NN X .d)

(/\X ®11/\Y,d) o

be a minimal Sullivan model for the projection #. Theorem 4.7 of [Fe-Ha]
states that cat,(S) is the least m such that the inclusion j above admits a

CGDA retraction
(AxeAY.d) = (Ax.d).

That is, r is a morphism of CGDAs which satisfies ro j =id,, .

If K D> G is any field extension, then cat,(S) is defined as
cat,(A X®K ,d), where in diagram (3.1) we work over K and require r tobe a
retraction of CDG K-algebras. By tensoring the diagram (3.1) with K and not-
ingthat A X®/ A" X®K = (A X/ N\ " X)®K , we see that cat,(S) < caty(S).

The definitions of Mcaty(S) and Mecat,(S) are similar. First note that
both (AX,d) and (ANX® A\Y,d) are (A X,d) differential modules. Then,
Mcat(S) is the least integer m such that the inclusion j in (3.1) admits a
retraction (AX,d) 5> (AX®AY,d) of (AX,d) differential modules.

The definition of Mcat,(S) is analogous to that of cat,(S), except that we
require only that the retraction respect the (A X ® K,d) differential module
structures. Again, it is elementary that Mcat (S) < Mcaty(S).

It is interesting to note that Toomer’s invariant e,(S) may be defined as
caty(S) & Mecaty(S) have been. Indeed, ¢,(S) is the least m such that j in
(3.1) admits a retraction of /inear differential spaces.

(3.1)

3. PROOF OF THEOREM 1

It is clear from the definitions that Mcat(S) < caty(S). To prove equality,
it suffices therefore to show that Mcat(S) > cat,(S). So suppose n = dimS
and that S is (r—1) connected. Let (A X,d) be a Sullivan minimal model for
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S. Set m = Mcat(S) and let (AX,d) - (AX®AY,d) SAX/NTX,d)
be a minimal Sullivan model for the projection (A X,d) & (AX/A\N°" X ,d).
The retraction (AX ® AY,d) 5 (A X,d) guaranteed by Mcaty(S) = m en-
sures that n*: H(AX,d) — H(AX/ A\ ™ X ,d) is injective. Moreover, n* is
surjective in all degrees less than (m + 1)r — 1. To see this, note that for any
cocycle z€ AX/ A\ ™ X which is not the image of a cocycle in A X, there is
ac A\NX with n(a) =z and 0 #daec A" X. As S is (r— 1) connected,
X = X" and so degz = dega > (m + 1)r — 1. By our earlier remark, these
two statements about z* imply that Y = yz(m+hr=1.
Now let {y | o € I} be a KS basis for (A X ® AY,d) and let Y_,

span{y, | B < a}. Then we know that

dy,=a,+ Z a,5Vg+1,

B<a
wherea,, a,, eN"X,y,€Y_ and 1, € AXONTY_,

We will construct the required CGDA retraction (AX®AY ,d) 5 (AX,d)
by induction on a. The induction hypotheses will guarantee that 7 exists on
(NX®AY_,,d), and we will show how to extend itto (AXQAY_, ,d

Define 7(a) = a for all a € A X. The induction hypothesis o cons1sts of
two parts:

a(Ad): F(yp) = r(yﬂ) if deg(yﬂ) <nand f<a,

a(B): T(dyﬁ) = d?(yﬂ) if f<a.

To begin the induction, suppose that 0 is the first element of /. Then
dy, = 0 as y, arises from the cokernel n"(H(A X ,d)/H( /\X//\>'"X d)).
Set 7(y,) = r(¥,) - Then 1(4) and 1(B) are satlsﬁed

Now assume the induction hypothesis for o > 1. We consider separately the
two cases deg(y,) < or > n.

Case 1. deg(y,) < n. In this case ¢ , the “nonlinear” part of dy_ is zero
for degree reasons. Indeed, if ¢, # O, then deg(y,) = deg(z)) —1 > 2.
[r(m+1)—1]1-1 > 2r(n/2r + 1) — 3 which is at least n since r > 2 and
m > n/2r. (Actually, we need only assume m > (n+ 3)/2r - 1).

Moreover, since deg(a, ﬂ) >r > 2, we know as well that deg(yg) <n for all
Vg appearing in the expression for dy_ . hence, by a(A4), we may conclude that
7y ﬂ) =r(y ﬁ) for all such y 5 Together with the fact that r is A X-linear, this
implies that 7(dy,) = r(dy,) , and so we may set 7(y_) = r(y,) . Thus [a+1](4)
and [a + 1](B) are satisfied.

It remains to consider

Case 2. deg(y,) > n. In this case, deg(F(dy,)) >n+1. So,as H™"(AX,d) =
0, 7(dy,) is exact, say F(dy,) = db,, b, € AX. Define #(y,) = b, . Then
[a + 1](B) is satisfied and the induction and the proof are complete.

Note added in proof. Since the original submission of this article, K. Hess has
proved cat,(S) = Mcat(S) for all simply connected spaces.
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